























SOME VARIATIONS OF THE BANACH-MAZUR GAME
LEANDRO F. AURICHI1, MADDALENA BONANZINGA,
AND GABRIEL ANDRE ASMAT MEDINA3
Abstract. The classical Banach-Mazur game is directly related to the Baire
property and the property of being a productively Baire space. In this paper,
we discuss two variations of this classic game that are even more related to
these properties.
1. Introduction
The famous Banach–Mazur game was proposed in 1935 by Stanislaw Mazur and
recorded in the Scottish Book ([2], Problem 43). Let (X, τ) be a topological space.
The Banach-Mazur game BM(X) played on (X, τ) is played between two players,
Alice and Bob, who, alternately, select non-empty open subsets of X . Alice goes
first and chooses a non-empty open subset A0 of X . Bob must respond by selecting
a non-empty open subset B0 ⊆ A0. Following this, Alice must select another non-
empty open subset A1 ⊆ B0 ⊆ A0 and in turn Bob must again respond by selecting
a non-empty open subset B1 ⊆ A1 ⊆ B0 ⊆ A0. In general, Alice selects any non-
empty open subset An of the last move Bn−1 of Bob and the latter player answers
by choosing a non-empty open subset Bn of the set An, just chosen by Alice.
Acting in this away, the players Alice and Bob produce a sequence of non-empty
open sets
A0 ⊇ B0 ⊇ A1 ⊇ B1 ⊇ · · · ⊇ An ⊇ Bn ⊇ · · ·




n∈ω An 6= ∅. Otherwise, Alice is said to be the winner of this
play.
Remember that a topological space is a Baire space provided countable intersec-
tions of dense open subsets are dense. Baire spaces can be characterized via the
Banach–Mazur game. In fact, Oxtoby showed that a topological space X is Baire
if and only if Alice does not have a winning strategy in BM(X) ([3], Theorem
8.11). Products of Baire spaces are not always Baire ([4], Example 1 and Exam-
ple 4). A Baire space X is productively Baire if X × Y is Baire, for each Baire
space Y . Another application of the Banach-Mazur game to Baire spaces, is the
following: if Bob has a winning strategy in BM(X) then X is productively Baire.
The reciprocal of this result does not hold. For example a Bernstein subset of the
real line is productively Baire but the Banach-Mazur game is undertermined, that
is, neither Alice nor Bob have a winning strategy in the Banach-Mazur game on
such a space.
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That is why the following question is natural: Is there a game-theoretical char-
acterization for the property of being productively Baire?
In this paper we show some other game-theoretical conditions on the space to
be productively Baire. For this we introduce two variations of the Banach-Mazur
game.
This paper is organized as follows. In Section 2 we present the game BMfin,
our first variation of the Banach-Mazur game, where the second player may choose
finitely many open sets each inning. With the game BMfin we present a game-
theoretical condition on the space to be productively Baire, which is more general
than the original one using the Banach-Mazur game.
In Section 3 we present another variation of the Banach-Mazur game, the game
BMω. This game is similar to the previous one, with the difference that the second
player chooses a countable family of non-empty open sets. It is worth mentioning
that both of these game, as the original Banach-Mazur game, provide a character-
ization for the Baire property.
Finally, Section 4 is dedicated to present an example, assuming the Continuum
Hypothesis, that shows the games BMfin and BMω are not equivalent. We also
present some open questions.
2. The game BMfin(X)
In this section we introduce our first variation of the Banach-Mazur game. The
difference with the classic Banach-Mazur game is that in this version Bob has the
advantage of choosing a finite number of non-empty open sets instead of just one.
Definition 2.1. Given a topological space X, we define the game BMfin(X) played
as follows: Alice plays A0 a non-empty open set. Then Bob plays B0 a finite
collection of non-empty open subsets of A0. Then, for each B ∈ B0, Alice plays
AB ⊂ B a non-empty open set. Let A1 = {AB : B ∈ B0}. Then Bob plays B1 a
finite collection of non-empty open subsets of
⋃
A1 and so on. For each n ∈ ω, let
Bn =
⋃
Bn. Bob is declared the winner if
⋂
n∈ω Bn 6= ∅. Alice is declared the
winner otherwise.
Sometimes it is easier to see this game with a minor change in the rules for
Bob. In each inning, instead of picking finitely many non-empty open subsets of
⋃
An, Bob can pick finitely many open subsets of each open set played by Alice -
including picking none for some of them. These two versions of the rules are easily
seen to be equivalent.
We present the following technical lemma which tells us that we can assume that
each move of Bob can be formed by a finite family of non-empty open sets pairwise
disjoint.
Lemma 2.2. Let X be a Hausdorff space without isolated points. We may suppose
that each Bn as in the definition of BMfin(X) is made of pairwise disjoint sets.
Proof. We will show that if σ is a winning strategy for Bob then there exists
another winning strategy σ̂ for Bob such that every move from Bob is formed by
non-empty pairwise disjoint open sets.
Indeed, in the first inning, Alice plays A0. Next Bob responds σ(〈A0〉) = B0 =
{B00 , · · · , B
0
n0
} for some n0 ∈ ω. So let x0i ∈ B
0
i for each i ∈ {0, · · · , n0} such
that x0i 6= x
0
j if i 6= j. Note that this is possible because X has no isolated points.
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Now, since X is Hausdorff, there is a pairwise disjoint family of non-empty open
sets B̂0 = {B̂00 , · · · , B̂
0
n0
} such that B̂0i ⊆ B
0
i for each i ∈ {0, · · · , n0}. So define
σ̂(〈A0〉) = B̂0.
Next, in the second inning, Alice plays A1 = {AB : B ∈ B̂0}, then Bob
responds σ(〈A0,A1〉) = B1 =
⋃
A∈A1
F1A, where each F
1
A is a finite family of non-
empty open subsets of A ∈ A1. Now for each F1A = {B
1




the above argument, that is, there is a family F̂1A = {B̂
1




disjoint non-empty open sets such that B̂1i ⊆ B
1




F̂1A and so on.












σ̂(〈A0,A1, · · · ,An〉). Therefore σ̂ is a winning strategy for
Bob in BMfin(X). 
Now we can generalize Oxtoby’s theorem.
Proposition 2.3. Let X be a Hausdorff space without isolated points. If Bob has
a winning strategy on BMfin(X), then X is productively Baire.
Proof. Let σ be a winning strategy for Bob in the BMfin(X) game. Suppose that
X is not productively Baire, that is, there exists a Baire space, call it Y , such that
X × Y is not a Baire space.
Suppose that ρ is a winning strategy for Alice in the BM(X × Y ) game. We
will define a winning strategy f for Alice in the BM(Y ) game. Note that this is
enough. Also, notice that we can suppose that ρ always answer with basic open
sets in the product.
In the first inning, in BM(X × Y ), Alice plays A0 × B0 = ρ(〈〉). Then, in
BM(Y ), Alice plays f(〈〉) = B0. Next Bob responds W0 ⊂ B0 a non-empty open
set. We now will proceed to define f(〈W0〉). In BMfin(X), Alice plays A0 and Bob
responds {V0, ..., Vn} = σ(〈A0〉). By Lemma 2.2, we may suppose that Vi ∩ Vj = ∅
if i 6= j.
In the second inning, in BM(X × Y ), Alice could play in the following n + 1
ways:
A01 × C0 = ρ(〈V0 ×W0〉)
A11 × C1 = ρ(〈V1 × C0〉)
...
An1 × Cn = ρ(〈Vn × Cn−1〉)
Note this is valid since C0 ⊂ W0 ⊂ B0 and each Ck ⊂ Ck−1 ⊂ B0 for 0 < k ≤ n,
also Ak1 ⊂ Vk for each 0 ≤ k ≤ n. Let B1 = Cn. Finally, in BM(Y ), Alice
plays f(〈W0〉) = B1. Next Bob responds W1 ⊂ B1 a non-empty open set and let

















1 are pairwise disjoint
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In the third inning, in BM(X×Y ), Alice could play in the following k+1 ways:
A02 ×D0 = ρ(
〈
Vg(0) × Cg(0)−1, U0 ×W1
〉
)
A12 ×D1 = ρ(
〈




Ak2 ×Dk = ρ(
〈
Vg(k) × Cg(k)−1, Uk ×Dk−1
〉
).
On the previous equations, use C−1 = W0 if neccessary. As before, Di ⊂ Di−1 ⊂
W1. Let B2 = Dk and, finally, in BM(Y ), Alice plays f(〈W0,W1〉) = Dk. Next in
BM(Y ), Bob responds W2 ⊂ B2 a non-empty open set. Now, in BMfin(X), Alice
can play {A02, · · · , A
k






2, · · · , A
k
2}〉). The
remaining construction of f is in similar fashion.
Let us prove now that f is winning for Alice in BM(Y ). So fix a play
〈B0,W0, B1,W1, ..., Bn,Wn, ...〉
following f (with notation similar to what we presented in the construction of f).
We need to show that
⋂
n∈ω Bn = ∅. Suppose not and let y ∈
⋂
n∈ω Bn.
Let An = {A0n, ..., A
kn






Since we are supposing that each An is made by mutually disjoint open sets, there
is only one An in each An such that x ∈ An.
In particular, in BM(X × Y ), in the first inning, 〈x, y〉 ∈ A0 × B0 = ρ(〈〉).
In the second inning, there is only one An01 ∈ A1 such that x ∈ A
n0
1 . Then
〈x, y〉 ∈ An01 × Cn0 = ρ(〈Vn0 × Cn0−1〉). In the third inning, as x ∈
⋃
A2, there
is only one An12 ∈ A2 such that x ∈ A
n1
2 . Then 〈x, y〉 ∈ A
n1
2 × Dn1 = ρ(〈Vn0 ×
Cn0−1, Un1 ×Dn1−1〉). Procceding like this, we can find a play of BM(X × Y ) that
has 〈x, y〉 in all its movements but it is compatible with ρ, which is a contradiction.

We will show in Section 3 that the game BMfin is equivalent to the Banach-Mazur
game in the point of view of Alice (i.e she has a winning strategy in one of the
games if, and only if, she has one in the other). But this is not the case for Bob.
We will end this section showing that a Bernstein set is a witness for this.
Remember that a subset X ⊆ R is a Bernstein set if both X and R \X meets
every uncountable closed subset of the real line. A Bernstein set has no isolated
points and is dense in R. To see that Bob has no winning strategy for the BM
game in a Bernstein set just recall the following:
Proposition 2.4. If X ⊂ R has no isolated points and Bob has a winning strategy
on BM(X), then X contains a Cantor set.
The previous result shows that Bob does not have a winning strategy for the
BM(X) game played on a Bernstein set.
On the other hand, Bob has a winning strategy for BMfin in a Bernstein set
Proposition 2.5. Suppose that X ⊂ R is a Bernstein set. Then Bob has a
winning strategy on BMfin(X).
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Proof. For every open set V ⊂ X , let V ∗ be an open set in R such that V = V ∗∩X .
On each inning, Bob will split every open set played by Alice in two pieces,
therefore, we will enumerate all the open sets played with sequences in 2<ω. On
the inning of number n, let
{As : s ∈ 2
n}
be the open sets played by Alice. For each s ∈ 2n, let Bsa0 and Bsa1 be two open
sets such that:








• the diameter of Bsai is less than
1
n+1 .
Then, in the next inning, we define As as the open set given by Alice such that
As ⊂ Bs.
For each n > 0, let Bn =
⋃





n is a Cantor set. Therefore, C ∩ X 6= ∅ and thus Bob wins the
game. 
The two previous results show that BM and BMfin are not equivalent for Bob.
3. The game BMω(X)
In this part we present the game BMω. The difference from the game BMfin is
basically that in each inning Bob plays a countable number of non-empty open
subsets contained in the union of the last move of Alice. Instead of just finitely
many as the previous game.
Definition 3.1. Given a topological space X, we define the game BMω(X) played
as follows: Alice plays A0 a non-empty open set. Then Bob plays B0 a countable
collection of non-empty open subsets of A0. Then, for each B ∈ B0, Alice plays
AB ⊂ B a non-empty open set. Let A1 = {AB : B ∈ B0}. Then Bob plays B1 a
countable collection of non-empty open subsets of
⋃
A1 and so on. For each n ∈ ω,
let Bn =
⋃
Bn. Bob is declared the winner if
⋂
n∈ω Bn 6= ∅. Alice is declared the
winner otherwise.
The following results show that the games BM,BMfin and BMω are all equivalent
for Alice.
Proposition 3.2. If Alice does not have a winning strategy on BMω(X), then X
is a Baire space.
Proof. We will show that if X is not a Baire space then Alice has a winning
strategy δ on BMω(X).
Since, X is not Baire, there are a sequence 〈Dn : n ∈ ω〉 of open dense subsets of
X and a non-empty open subset A of X such that
⋂
n∈ω Dn ∩A = ∅. Then, in the
first inning, Alice plays δ(〈〉) = A0 = A and Bob responds B0 = {B0n : n ∈ ω}, a
countable collection of non-empty open subsets of A0. In the second inning, Alice
plays δ(〈B0〉) = A1 = {D0 ∩B0n : n ∈ ω}. Note that this move is valid because D0





n ∈ ω. In the third inning, as D1 is dense, Alice can play δ(〈B0,B1〉) = A2 =
{D1 ∩ B1n : n ∈ ω}. Next Bob responds B2 = {B
2





each n ∈ ω, and so on. The remaining construction of δ is in similar fashion.
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Let us prove now that δ is winning for Alice in BMω(X). So fix a play
〈A0,B0,A1,B1, ...,An,Bn, ...〉
following δ (with notation similar to what we presented in the construction of δ).
We need to show that
⋂
n∈ω Bn = ∅, where Bn =
⋃
Bn for every n ∈ ω. In fact,




n∈ω Dn ∩ A = ∅. Therefore δ is winning for Alice.

Corollary 3.3. Let X be a non-empty topological space. Then the following are
equivalent:
(1) X is Baire
(2) Alice does not have a winning strategy on BM(X)
(3) Alice does not have a winning strategy on BMfin(X)
(4) Alice does not have a winning strategy on BMω(X)
Proof. The implication (1) ⇒ (2) is the classic Oxtoby’s result ([3], Theorem 8.11).
Note that if Alice has a winning strategy on BMfin(X) then Alice has a winning
strategy on BM(X), because the game BMfin is more difficult for Alice. This
proves (2) ⇒ (3). Also, if Alice has a winning strategy on BMω(X), then Alice
has a winning strategy on BMfin(X), because the game BMω is more difficult for
Alice. This proves (3) ⇒ (4). Finally, by Proposition 3.2, we have (4) ⇒ (1).

We end this section showing that BMω is determined for a broad class of spaces.
Definition 3.4. A family B of non-empty open sets in a topological space will be
called a π-base if every non-empty open set contains at least one member of B. A
π-base B is called locally countable if each member of B contains countably many
members of B.
Proposition 3.5 ([1]). The cartesian product of a Baire space X and a Baire space
Y having countable π-base is a Baire space.
Corollary 3.6. If X is a second countable Baire space then X is productively
Baire.
Remark 3.7. Let B be a π-base for the topology of the space X . Note that, in
the BMω game on X , we can assume that, both Alice and Bob must necessarily
choose elements from B in their moves. This is also valid if we change BMω by BM.
This fact will be used freely from now on without mentioning it.
Theorem 3.8. If X is a Baire space with a locally countable π-base, then Bob has
a winning strategy on BMω(X).
Proof. First, we will define a strategy σ for Bob in the BMω(X) game using the
fact that X has a locally countable π-base B.
Indeed, in the first inning, Alice plays A0 be any element from B and let
A0 = {A0} next Bob responds σ(〈A0〉) = {B ∈ B : B ⊂ A0}, note that this
is a valid move since B is locally countable. In the second inning, Alice plays




B : B ⊂ A}, note that this is a valid move since A1 is countable and B is locally
countable. Then, if 〈An : n ≤ k〉 are the plays of Alice, define σ(〈A0, ...,An〉) =
⋃
A∈An
{B ∈ B : B ⊂ A}. This completes the definition of the strategy σ.














Assume by way of contradiction that σ is not winning, then there is a sequence






Now we will define a winner strategy ρ for Alice in the BM(X) game.
Indeed, in the first inning, Alice plays ρ(〈〉) = A0 next Bob responds B0 ⊂ A0
be any element from B, note that B0 ∈ σ(〈A0〉). In the second inning, in BMω(X),
by definition, there is an A1 ∈ A1 such that A1 ⊂ B0. Then, in BM(X), Alice
plays ρ(〈B0〉) = A1 next Bob plays B1 be any element from B contained in A1, note











Let us prove now that ρ is winning for Alice in BM(X). So fix a play
〈A0, B0, A1, B1, ..., An, Bn, ...〉
following ρ (with notation similar to what we presented in the construction of ρ).
We need to show that
⋂









An = ∅. Thus, Alice wins the game. 
Corollary 3.9. For a space X with locally countable π-base, the game BMω(X) is
determined.
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4. A relation between BMfin and BMω.
In this part we will see that, assuming the Continuum Hypothesis, there is a space
in which the games BMfin and BMω are different. We begin with a compilation of
some known facts about subsets of the real line and we present some technical
lemmas that will help us to conclude our objective.
Lemma 4.1. Let B be an infinite countable base for the topology on R. Then the
set of strategies for Bob in the game BMfin(R) has cardinality at most c.
Proof. Remember that a strategy for Bob on BMfin(R), where both players only
play open sets from B, is a function
σ : S ⊆ B<ω → B<ω
As |B<ω| = |B| = ω, we have that |S| ≤ ω, on the other hand, note that {〈B〉 : B ∈
B} ⊆ S, so |S| = ω. Finally, |{σ ∈ BS : σ is strategy for Bob}| ≤ |B||S| = ωω = c.

Definition 4.2. Let A ⊆ R, we say that A is
• nowhere dense, if int (A) = ∅.
• meager, if A is a countable union of nowhere dense sets.
• residual, if A is the complement of a meager set.
Theorem 4.3 (Oxtoby). Let A ⊆ R, then A is residual if and only if A contains
a dense Gδ subset of R.
Remember the following cardinalities of the following families of subsets of the
real line:
• |{M ⊆ R : M is meager}| = 2c.
• Gδ = {G ⊆ R : G is a Gδ-set}, then |Gδ| = c.
• Fσ = {F ⊆ R : F is a Fσ-set}, then |Fδ| = c.
• DGδ = {D ⊆ R : D is a dense Gδ-set}, then |DGδ | = c, because {R \ {x} :
x ∈ R} ⊆ DGδ .
• Let B = {Bn : n ∈ ω} be a basis for the topology on R, then the set
{G ∈ Gδ | ∃n ∈ ω : G ⊆ Bn ⊆ G} has cardinality c, because for each n ∈ ω,
{Bn \ {b} : b ∈ Bn} ⊆ {G ∈ Gδ | ∃n ∈ ω : G ⊆ Bn ⊆ G}.
Lemma 4.4. Let B = {Bn : n ∈ ω} be a basis for the topology on R. For each
G ∈ DGδ and m ∈ ω, we have G ∩Bm ∈ {G ∈ Gδ | ∃n ∈ ω : G ⊆ Bn ⊆ G}.
Proof. Note that G ∩Bm ∈ Gδ and G ∩Bm ⊆ Bm . Also, Bm ⊆ G ∩Bm. In fact,
otherwise, there is a z ∈ Bm such that z 6∈ G ∩Bm, so there is an n ∈ ω with
z ∈ Bn such that Bn ∩Bm ∩G = ∅, contradiction, because G is dense.

Proposition 4.5. The following properties of a topological space X are equivalent:
(1) X is a Baire space.
(2) For every countable closed cover {Hn : n ∈ ω} of X, the set
⋃
n∈ω int(Hn)
is dense in X.




(4) Every meager Gδ-set in X is nowhere dense.
(5) Every meager set has empty interior.
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Also, every topological space which has a dense Baire subspace is evidently a
Baire space. The converse is not true: for instance, the real line is a Baire space
but the subspace of rationals is not.
Lemma 4.6. Let X ⊆ R be dense, then X is Baire if and only if G ∩X is dense
in X, for each G ∈ DGδ.
Proof. Suppose that X is Baire and let G =
⋂
n∈ω Gn be a dense Gδ-set in R. Then
for each n ∈ ω, Gn is an open dense set in R, therefore Gn ∩ X is an open dense
set in X . As X is Baire. Then
⋂
n∈ω Gn ∩X = G ∩X is dense in X .
Now, let 〈An : n ∈ ω〉 be a sequence of open dense sets in X . Then An = A
′
n∩X
with A′n a non-empty open set in R and, as An is dense in X , A
′











n ∩X is dense in X .

Definition 4.7. Given σ a strategy for Bob in the BMfin(R) and s = 〈An : n ∈ ω〉





We are assuming that if we use this notation, then σ and the sequence are
compatible, in the sense that the previous intersection is well defined.
Lemma 4.8. Let σ be a strategy for Bob in the BMfin(R), X be a countable set
of points in R and Y be a countable family of nowhere dense sets in R. Then there
exists a sequence s of finite collections of basic open sets (which will be Alice’s
choices) such that σ ∗ s is a closed nowhere dense set disjoint from X ∪
⋃
Y.
Proof. Let X = {xn : n ∈ ω}, Y = {Yn : n ∈ ω} and fix B = {Bn : n ∈ ω} be a
basis for R.
Let x0 ∈ X , and note that (R \ {x0}) ∩ (R \ Y0) ∩ B0 is a non-empty open
set. So consider z0 ∈ (R \ {x0}) ∩ (R \ Y0) ∩ B0 and note that (R \ {z0}) ∩ (R \
{x0}) ∩ (R \ Y0) ∩B0 is a non-empty open set. Then choose A0 = {A0} such that
A0 ⊆ (R \ {z0}) ∩ (R \ {x0}) ∩ (R \ Y0) ∩B0 and note that x0, z0 6∈ A0.
Now, in the game BMfin(R), we have that in the first inning Alice can play
A0. Note that B0 6⊆ A0 and ({x0} ∪ Y0) ∩ A0 = ∅. Next Bob responds σ(〈A0〉) =




Let x1 ∈ X and j ∈ {0, · · · , n0}, consider B0j and note that (R \ {x0}) ∩ (R \
Y0) ∩ (R \ {x1}) ∩ (R \ Y1) ∩B1 is a non-empty open set. So let z1 ∈ (R \ {x0}) ∩
(R \ Y0) ∩ (R \ {x1}) ∩ (R \ Y1) ∩ B1 and note that (R \ {z1}) ∩ (R \ {x0}) ∩ (R \
Y0)∩ (R \ {x1})∩ (R \ Y1)∩B0j is a non-empty open set. Then choose A
1
j ∈ B such
that A1j ⊆ (R \ {z1}) ∩ (R \ {x0}) ∩ (R \ Y0) ∩ (R \ {x1}) ∩ (R \ Y1) ∩B
0
j and note
that for each j ∈ {0, · · · , n0}, z1 6∈ A
1
j .
Then in the second inning, Alice plays A1 = {A10, · · · , A
1
n0
} and note that
B1 6⊆
⋃
A1 and ({x0, x1}∪Y0 ∪Y1)∩
⋃
A1 = ∅. Next Bob responds σ(〈A0,A1〉) =
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the last inning. Let xm ∈ X and j ∈ {0, · · · , nm}, consider B
m−2








(R \ Yi) ∩Bj




i=0(R \ Yi)∩Bj and note
that (R \ {zm}) ∩
⋂j
i=0(R \ {xi}) ∩
⋂j
i=0(R \ Yi) ∩B
m−2
j is a non-empty open set.
Then fix Am−1j ∈ B such that








(R \ Yi) ∩B
m−1
j
Then in the inning m, Alice plays Am−1 = {A
m−1
0 , · · · , A
m−1
nm
} and note that
Bm−1 6⊆
⋃







For each n ∈ ω, denote Ãn = {A : A ∈ An}, note that
⋃
Ãn is a closed set,
because An is finite.
Claim 4.8.1. Let s = 〈An : n ∈ ω〉. Then σ ∗ s is a closed set with empty interior.
Proof. text
(1) σ ∗ s is closed.





(⊆) Let z ∈ σ ∗ s =
⋃
n∈ω σ(〈A0, · · · ,An〉). Then there is a B
n
j ∈














σ(〈A0, · · · ,An〉).
(2) σ ∗ s has empty interior.










An0 , contradiction by our construction.

Claim 4.8.2. (σ ∗ s) ∩ (X ∪
⋃
Y) = ∅
Proof. Suppose otherwise, there exists






σ(〈A0, ...,An〉) ∩ (X ∪
⋃
Y)
Then there exists n ∈ ω such that











An = ∅, contradiction.

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The following is immediate
Lemma 4.9. Let Y be a dense subspace of X in which Bob has a winning strategy
in BMfin(Y ), then Bob has a winning strategy in BMfin(X).
Proposition 4.10. (CH) There is a Baire subspace X of R such that Bob has no
winning strategy for BMfin(X).
Proof. Fix B = {Bn : n ∈ ω} an infinite basis for the topology of R, let {G ∈ Gδ |
∃n ∈ ω : G ⊆ Bn ⊆ G} = {Gξ : ξ ∈ ω1}, and fix an enumeration {σξ : ξ < ω1} of
Bob’s strategies in the game BMfin(R).
By transfinite induction on ξ < ω1 we will construct a sequence {xξ : ξ < ω1} of
points of R such that for every ξ < ω1
(a) xξ ∈ Gξ
(b) there exists a sequence of finite collections of open sets sξ such that
(σξ ∗ sξ) ∩







Consider x0 ∈ G0 and σ0. By Lemma 4.8, there exists s0 such that σ0 ∗ s0 is a
closed nowhere dense set and (σ0 ∗ s0)∩ {x0} = ∅. Set x1 ∈ G1 \ ({x0} ∪ (σ0 ∗ s0)),
by Lemma 4.8, there exists s1 such that σ1 ∗ s1 is a closed nowhere dense set and
(σ1 ∗ s1) ∩ ({x0, x1} ∪ (σ0 ∗ s0)) = ∅.
Now suppose that we have built {xβ : β < α} with α < ω1, note that
⋂
β<α
R \ (σβ ∗ sβ)
is a dense Gδ-set. We claim that Gα \
(





In fact, suppose otherwise, Gα ⊆ {xβ : β < α} ∪
⋃
β<α(σβ ∗ sβ), so Gα is a
meager Gδ-set in R, then, by Proposition 4.5, Gα is nowhere dense, contradic-
tion, because Gα ∈ {G ∈ Gδ | ∃n ∈ ω : G ⊆ Bn ⊆ G}. Therefore, choose
xα ∈ Gα \
(




. By Lemma 4.8, there exists sα such
that σα ∗ sα is a closed nowhere dense set and
(σα ∗ sα) ∩







Finally denote X = {xξ : ξ ∈ ω1}, note that X is a dense set. Indeed, let m ∈ ω
and consider b ∈ Bm, so (Bm \ {b}) ∈ {G ∈ Gδ | ∃n ∈ ω : G ⊆ Bn ⊆ G} = {Gξ :
ξ ∈ ω1}. Then there is a ξm ∈ ω1 such that Bm \ {b} = Gξm , by construction
xξm ∈ Gξm ∩X ⊆ Bm ∩X .
Claim 4.10.1. X is a Baire space. In particular Alice has no winnnig strategy
in BMfin(X).
Proof. Suppose otherwise, then by Lemma 4.6, there exists G ∈ DGδ such that
G ∩X is not dense in X . So there is an m ∈ ω such that (Bm ∩X) ∩ (G ∩X) =
Bm∩ (G∩X) = ∅. Then, by Lemma 4.4, there is a ξ < ω1 such that Gξ = Bm∩G,
but by construction xξ ∈ Gξ ∩X = Bm ∩G ∩X = ∅, contradiction.

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Claim 4.10.2. Bob has no winning strategy in BMfin(X).
Proof. Suppose otherwise, that is, Bob has a winning strategy σ̃
X
in BMfin(X). As
X is dense, by Lemma 4.9, σ̃
X
induces a winning strategy σ̃ for Bob in BMfin(R).
















σ̃(〈A0, · · · ,An〉) ∩X = (σ̃ ∗ s) ∩X
where s′ = 〈An ∩ X : n ∈ ω〉 with An ∩ X = {A ∩ X : A ∈ An}. In particular,
there is a ξ < ω1 such that σ̃ = σξ.
Let sξ = 〈Aξn : n ∈ ω〉 of our construction.
Claim 4.10.3. (σξ ∗ sξ) ∩X = ∅.
Proof. In fact, suppose otherwise, there is an α < ω1 such that xα ∈ (σξ ∗ sξ). We
have the following cases:
• α ≤ ξ: by part (b), (σξ ∗ sξ) ∩ {xβ : β ≤ ξ} = ∅, contradiction.
• α > ξ: by construction, xα ∈ Gα \
(







So ∅ 6= σ̃
X
∗ s′ξ ⊆ (σξ ∗ sξ) ∩X = ∅, contradiction. Then, Bob has no winning
strategy in BMfin(X).

Therefore X is the desired space. 
Corollary 4.11. (CH) There exists a subspace X of the real line in which the game
BMfin(X) is not determined.
Corollary 4.12. (CH) There is a productively Baire space such that Bob has no
winning strategy for the BMfin game.
Proof. Let X as in Proposition 4.10, then by Corollary 3.6, X is productively
Baire. 
Question 4.13. Corollary 4.12 holds if we change BMfin to BMω?
Question 4.14. Is there any relationship between the game BMω and the produc-
tively Baire spaces?
Corollary 4.15. (CH) There exists a space X such that Bob has a winning strategy
in BMω but Bob has no winning strategy in BMfin.
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